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Abstract
The Laplacian spread of a graph is the difference between the largest eigenvalue and the
second-smallest eigenvalue of the Laplacian matrix of the graph. We find that the class of
strongly regular graphs attains the maximum of largest eigenvalues, the minimum of second-
smallest eigenvalues of Laplacian matrices and hence the maximum of Laplacian spreads among
all simple connected graphs of fixed order, minimum degree, maximum degree, minimum size
of common neighbors of two adjacent vertices and minimum size of common neighbors of two
nonadjacent vertices. Some other extremal graphs are also provided.
keyword Laplacian matrix, Laplacian spread, strongly regular graph.
1 Introduction
Let G = (V,E) be a simple connected graph of order n with vertex set V = {1, 2, · · · , n} and edge
set E. Let A = A(G) be the adjacency matrix of G, i.e. the binary matrix with ij-entry 1 iff i and
j are distinct and adjacent. The degree di of vertex i ∈ V is the number |G1(i)|, where G1(i) is the
set of vertices which are adjacent to i. Let D(G)=diag(d1, d2, · · · , dn) be the diagonal matrix with
entries d1, d2, · · · , dn in the diagonal. Then the matrix
L(G) = D(G)−A(G)
is called the Laplacian matrix of G. We call the eigenvalues of L(G) the Laplacian eigenvalues of G.
It is well-known that L(G) is symmetric, positive semidefinite, and every row-sum being zero [8], so
we denote the Laplacian eigenvalues of G in nonincreasing order as ℓ1(G) ≥ ℓ2(G) ≥ · · · ≥ ℓn(G) = 0.
The eigenvalues ℓ1(G), ℓn−1(G) and ℓn(G) are called Laplacian index, algebraic connectivity and trivial
eigenvalue, respectively. The Laplacian spread of G is defined as SL(G) := ℓ1(G)− ℓn−1(G).
A graph G is called k-regular if any vertex has degree k. Moreover G is called strongly regular
with parameters (n, k, λ, µ) if G is a k-regular graph with order n which has λ (resp. µ) common
neighbors of any pair of two adjacent (resp. nonadjacent) vertices. The Laplacian matrix of a k-
regular graph is kI − A, so its eigenvalues are easily obtained from those of adjacency matrix. It is
well-known that a strongly regular graph with parameters (n, k, λ, µ) and n 6= k+1 has two distinct
nontrivial Laplacian eigenvalues ℓ1, ℓn−1, and indeed
ℓ1(G), ℓn−1(G) =
2k − λ+ µ±√(λ− µ)2 + 4(k − µ)
2
. (1.1)
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See for example [11, Chapter 21]. Note that G is strongly regular iff its complement Gc is strongly
regular [2, Theorem 1.3.1].
Let δ := mini∈V di and ∆ := maxi∈V di. Motivated by the definition of strongly regular graphs,
we define another two graph parameters λ(G) and µ(G) for any graph G :
λ(G) := min
ij∈E
|G1(i) ∩G1(j)|, µ(G) := min
ij 6∈E
|G1(i) ∩G1(j)|.
In Section 2, we review some previously known bounds for the Laplacian index ℓ1(G) and alge-
braic connectivity ℓn−1(G). Our main theorem, Theorem 3.1 in Section 3, is an inequality involving
the graph parameters n, di, mi, λ(G), µ(G) and a nontrivial eigenvalue ℓ with its corresponding
eigenvector (x1, x2, . . . , xn)
T of a graph G, where mi = (
∑
ji∈E dj)/di is called the average 2-degree
of a vertex i. We give two ways to eliminate the eigenvector parameters in the above inequality, and
provide many lower bounds and upper bounds of the Laplacian eigenvalue ℓ. Among them upper
bounds for ℓ = ℓ1(G) and lower bounds of ℓ = ℓn−1(G) are of most interest. See Corollary 3.2,
and (3.9), (3.10) in Corollary 3.3. We find that the class of strongly regular graphs attains both
bounds. In Section 4, we provide more extremal graphs, attaining bounds of some but not all of the
inequalities in Section 3. In Section 5, the Laplacian index ℓ1(G) and algebraic connectivity ℓn−1(G)
for all connected (n − 3)-regular graphs G of order n are determined. With a class of exceptions,
they are extremal for all the inequalities obtained in this paper.
2 Some known bounds
We recall some basic properties of Laplacian matrices [15] and known bounds about Laplacian index
ℓ1(G) and algebraic connectivity ℓn−1(G) in this section. For the basic properties, one can find from
[15].
The most important important property of L(G) probably is
X⊤L(G)X =
∑
j<k,jk∈E
(xj − xk)2, (2.1)
where X is a column vector. As the property L(G) +L(Gc) = nI − J , where J is the all one matrix,
the Laplacian matrices L(G) and L(Gc) of G and its complement Gc respectively share the same set
of eigenvectors. Hence if ℓ is a nontrivial eigenvalue of L(G) with associated eigenvector X, then
n − ℓ is an eigenvalue of L(Gc) with the same associated eigenvector X . Thus an upper bound of
ℓ1(G
c) also gives a lower bound of ℓn−1(G).
In 1973[8], Fiedler showed the following upper bounded about ℓn−1(G)
ℓn−1(G) ≤ κ(G) ≤ δ, (2.2)
intriguing the study of algebraic connectivity, where κ(G) is the vertex connectivity of G. Note that
ℓn−1(G) = 0 iff G is disconnected.
The upper bounds of Laplacian index ℓ1(G) were studied by many authors. In 1985[1], Anderson
and Morley showed that
ℓ1(G) ≤ max
ij∈E
{di + dj} . (2.3)
Note that di+mi = di+(
∑
ji∈E dj)/di ≤ di+max
ji∈E
{dj} ≤ max
ji∈E
{di+dj}. In 1998[14], Merris improved
the bound in(2.3) by showing
ℓ1(G) ≤ max
i∈V
{di +mi} . (2.4)
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As another way to improve the bound in(2.3), in 2000[16], Rojo et al. showed
ℓ1(G) ≤ max
ij∈E
{di + dj − |G1(i) ∩G1(j)|} . (2.5)
In 2001[12], Li and Pan gave a bound, as follows
ℓ1(G) ≤ max
i∈V
{√
2di(di +mi)
}
. (2.6)
In 2004[19], Zhang showed the following result, which is always better than the bound (2.6).
ℓ1(G) ≤ max
i∈V
{
di +
√
dimi
}
. (2.7)
One of our results in Corollary 3.2 is an extension of (2.7).
For the lower bound of ℓ1(G) in 1994[9], Grone and Merris showed that
ℓ1(G) ≥ ∆+ 1. (2.8)
The studies of Laplacian spread SL(G) = ℓ1(G)− ℓn−1(G) can be found in [3, 5, 6, 7, 18]. They
are interested in the graphs with a few more edges than the number of edges in a tree. The results
in this paper with different favor are about graphs of higher vertex connectivity.
3 New bounds
The following is our main theorem.
Theorem 3.1. Let G = (V,E) be a simple connected graph of order n. Let ℓ be a nontrivial
Laplacian eigenvalue of G with associated eigenvector X = (x1, x2, · · · , xn)⊤. Let di and mi bee
degree and average 2-degree respectively of vertex i ∈ V , and let λ ≤ λ(G) and µ ≤ µ(G) be two given
numbers. Then
n∑
i=1
[(di − ℓ)2 − dimi + λℓ+ µ(n− ℓ)]x2i ≤ 0. (3.1)
Moreover, the equality in (3.1) holds if and only if for any distinct vertices i, j ∈ V , the following
two statements hold:
ij ∈ E and xi 6= xj ⇒ |G1(i) ∩G1(j)| = λ(G), (3.2)
ij 6∈ E and xi 6= xj ⇒ |G1(i) ∩G1(j)| = µ(G). (3.3)
Proof. Because X is an eigenvector of L(G) corresponding to ℓ,
‖(D(G)− ℓI)X‖2 = ‖(D(G)− L(G))X‖2 = ‖A(G)X‖2. (3.4)
As the ij-entry of A(G)2 is the number wij of walks of length 2 from i to j and noting that wii = di,
we have
‖A(G)X‖2 =X⊤A(G)2X (3.5)
=
∑
i∈V
dix
2
i + 2
∑
j<k
wjkxjxk
=
∑
i∈V
dix
2
i +
∑
j<k
wjk(x
2
j + x
2
k − (xj − xk)2)
=
∑
i∈V
(
∑
ji∈E
dj)x
2
i )−
∑
j<k
jk∈E
wjk(xj − xk)2 −
∑
j<k
jk 6∈E
wjk(xj − xk)2. (3.6)
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As λ ≤ λ(G) = minij∈E wij and µ ≤ µ(G) = minij 6∈E wij and by (3.4), (3.6), we have∑
i∈V
(di − ℓ)2x2i ≤
∑
i∈V
dimix
2
i − λ
∑
j<k
jk∈E
(xj − xk)2 − µ
∑
j<k
jk 6∈E
(xj − xk)2. (3.7)
Applying (2.1) and that n − ℓ(G) is eigenvalue of L(Gc) with the same eigenvector X to (3.7), we
have ∑
i∈V
(di − ℓ)2x2i ≤
∑
i∈V
dimix
2
i − λX⊤L(G)X − µX⊤L(Gc)X
=
∑
i∈V
dimix
2
i − λℓ‖X‖2 − µ(n− ℓ)‖X‖2
=
∑
i∈V
dimix
2
i − λℓ
∑
i∈V
x2i − µ(n− ℓ)
n∑
i=1
x2i ,
and (3.1) immediately follows from this. Note that the equality holds in (3.1) if and only if the
equality in (3.7) holds, and this equivalent to (3.2), (3.3).
The expression
(di − ℓ)2 − dimi + λℓ+ µ(n− ℓ) = ℓ2 − (2di − λ+ µ)ℓ+ (d2i − dimi + µn) (3.8)
inside the summation in (3.1) is a quadratic polynomial in variable ℓ and is not positive for some
i. Solving the quadratic polynomial, we have the following upper bound of Laplacian index ℓ1(G),
lower bound of the algebraic connectivity ℓn−1(G) and upper bound of Laplacian spread SL(G) of
G.
Corollary 3.2. Referring to the notations in Theorem 3.1, the following three inequalities hold:
ℓ1(G) ≤max
i∈V
{
2di − λ+ µ+
√
4dimi − 4(λ− µ)di + (λ− µ)2 − 4µn
2
}
,
ℓn−1(G) ≥min
i∈V
{
2di − λ+ µ−
√
4dimi − 4(λ− µ)di + (λ− µ)2 − 4µn
2
}
and
SL(G) ≤max
i∈V
{
2di − λ+ µ+
√
4dimi − 4(λ− µ)di + (λ− µ)2 − 4µn
2
}
−min
i∈V
{
2di − λ+ µ−
√
4dimi − 4(λ− µ)di + (λ− µ)2 − 4µn
2
}
,
where the max and min are over vertices i ∈ V and exclude the terms with a negative term in the
square root.
Note that the above upper bound of ℓ1(G) with λ = 0 and µ = 0 is (2.7), and with λ = λ(G) and
µ = 0 is previously given in [10, Theorem 3.2].
The following corollary is another application of (3.1).
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Corollary 3.3. Referring to the notations in Theorem 3.1, the following three inequalities hold:
ℓ1(G) ≤ 2∆− λ+ µ+
√
(2∆− λ+ µ)2 − 4µn
2
, (3.9)
ℓn−1(G) ≥ 2δ − λ+ µ−
√
(2δ − λ+ µ)2 − 4µn− 4δ2 + 4∆2
2
, (3.10)
and
SL(G) ≤ ∆− δ + 1
2
[√
(2∆− λ+ µ)2 − 4µn
+
√
(2δ − λ + µ)2 − 4µn− 4δ2 + 4∆2
]
, (3.11)
where δ and ∆ are the maximum degree and the minimum degree in G. Moreover if G is k-regular
then
SL(G) ≤
√
(2k − λ+ µ)2 − 4µn. (3.12)
Proof. By (3.1) with ℓ = ℓ1(G) there exists i ∈ V such that the term in (3.8) is not positive. Using
ℓ1(G) ≥ ∆+ 1 > di, and ∆ ≥ mi, we have
(∆− ℓ1(G))2 −∆2 + λℓ1(G) + µ(n− ℓ1(G)) ≤ (di − ℓ1(G))2 − dimi + λℓ1(G) + µ(n− ℓ1(G)) ≤ 0.
Solving the above quadratic inequality on the left for ℓ1(G), we have (3.9). Similarly, by considering
ℓ = ℓn−1(G) in (3.1), there exists j ∈ V such that (3.8) with i = j is not positive. Using ℓn−1(G) ≤
δ ≤ dj and ∆ ≥ mi, we have
(δ−ℓn−1(G))2−∆2+λℓn−1(G)+µ(n−ℓn−1(G)) ≤ (dj−ℓn−1(G))2−djmj+λℓn−1(G)+µ(n−ℓn−1(G)) ≤ 0.
Solving the quadratic inequality on the left for ℓn−1(G), we have (3.10). The line (3.11) is immediate
from (3.9), (3.10), and (3.12) is from (3.11).
Next we prove that the strongly regular graphs satisfy all the above equalities.
Corollary 3.4. If G is a strongly regular graph with parameters (n, k, λ(G), µ(G)), then k = δ = ∆
and the equality in (3.1), the three equalities in Corollary 3.2 and the three equalities (3.9), (3.10),
(3.11) all hold for λ = λ(G) and µ = µ(G).
Proof. This is clear since (3.2) and (3.3) hold in a strongly regular graph.
4 Other extremal graphs
A graph is extremal for an inequality holding for graphs if the graph attains the equality. In this
section, we shall provide extremal graphs for inequalities mentioned in the previous section, excluding
strongly regular graphs. Throughout this section we assume λ = λ(G) and µ = µ(G). Let
α1(G) = max
i∈V
{
2di − λ+ µ+
√
4dimi − 4(λ− µ)di + (λ− µ)2 − 4µn
2
}
(
resp. β1(G) = min
i∈V
{
2di − λ+ µ−
√
4dimi − 4(λ− µ)di + (λ− µ)2 − 4µn
2
})
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denote the upper bound (resp. lower bound) of Laplacian index ℓ1(G) (resp. algebraic connectivity
ℓn−1(G)) described in Corollary 3.2 and let
α2(G) =
2∆− λ+ µ+
√
(2∆− λ+ µ)2 − 4µn
2(
resp. β2(G) =
2δ − λ+ µ−√(2δ − λ+ µ)2 − 4µn− 4δ2 + 4∆2
2
)
denote the upper bound (resp. lower bound) of Laplacian index ℓ1(G) (resp. algebraic connectivity
ℓn−1(G)) described in Corollary 3.3.
Example 4.1. The graph G = X8 depicted on the left of Figure 1 is 3-regular of order 8 with
λ(X8) = 0, µ(X8) = 1 and ℓ1(X8), ℓ7(X8) = (7 ±
√
17)/2 = ℓ,SL(G) =
√
17, so is extremal for
(3.1). Note that α1(X8) = α2(X8) = (7 +
√
17)/2 and β1(X8) = β2(X8) = (7−
√
17)/2. Hence X8 is
extremal for the three inequalities in Corollary 3.2, (3.9), (3.10) and (3.11). On the other hand, the
complement graph Gc = Xc
8
of X8 has λ(X
c
8
) = 1, µ(Xc
8
) = 2 and ℓ1(X
c
8
), ℓ7(X
c
8
) = (9 ±√17)/2 =
ℓ,SL(X
c
8
) =
√
17, so is also extremal for (3.1). Note that α1(X
c
8
) = α2(X
c
8
) = (9 +
√
17)/2 and
β1(X
c
8
) = β2(X
c
8
) = (9 − √17)/2. Hence Xc
8
is extremal for the three inequalities in Corollary 3.2,
(3.9), (3.10) and (3.11).
7 8
6
3
1
2
4
5
7 8
6
3
1
2
4 5
Figure 1: The graph X8 on the left has λ(X8) = 0, µ(X8) = 1 and its complement graph X
c
8
on the
right has λ(Xc
8
) = 1, µ(Xc
8
) = 2.
Example 4.2. The graph G = Y8 depicted on the left of Figure 2 is obtained from the complete
graph K8 of order 8 by deleting two vertex disjoint cycles of order 4. It is 5-regular of order 8 with
λ(Y8) = 2, µ(Y8) = 4, ℓ1(Y8) = 8 and ℓ7(Y8) = 4, so is extremal for (3.1) with ℓ = 8, 4 respectively.
Note that α1(Y8) = α2(Y8) = 8, β1(Y8) = β2(Y8) = 4. Hence G is extremal for for the three
inequalities in Corollary 3.2, (3.9), (3.10) and (3.11).
Example 4.3. The graph G = Z8 depicted on the right of Figure 2 is obtained from K8 by deleting
two vertex disjoint cycles of order 3 and 5 respectively. It is 5-regular of order 8 with λ(Z8) = 2,
µ(Z8) = 4, ℓ1(Z8) = 8 and so is extremal for (3.1) with ℓ = 8. Note that α1(Z8) = α2(Z8) = 8,
β1(Z8) = β2(Z8) = 4 and ℓ7(Z8) = (11 −
√
5)/2. Hence Z8 is extremal for the first inequality in
Corollary 3.2 and (3.9) and is not extremal for other inequalities.
6
6 5
4
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Figure 2: The graph Y8 on the left has λ(Y8) = 2, µ(Y8) = 4, and the graph Z8 on the right has
λ(Z8) = 2, µ(Z8) = 4.
Example 4.4. The graph G = U8 depicted on the left of Figure 3 is 4-regular of order 8 with
λ(U8) = 0, µ(U8) = 2, ℓ7(U8) = 2, so is extremal for (3.1) with ℓ = 2. Note that α1(U8) = α2(U8) = 8,
β1(U8) = β2(U8) = 2 and ℓ1(U8) = 6. Hence U8 is extremal for the second inequality in Corollary 3.2
and (3.10), and is not extremal for other inequalities. On the other hand, the complement graph
G = U c
8
of U8 depicted on the right of Figure 3 is 3-regular of order 8 with λ(U
c
8
) = µ(U c
8
) = 0,
ℓ1(U
c
8
) = 6, so is extremal for (3.1) with ℓ = 6. Note that α1(U
c
8
) = α2(U
c
8
) = 6, β1(U
c
8
) = β2(U
c
8
) = 0
and ℓ7(U
c
8
) = 2. Hence U c
8
is extremal for the first inequality in Corollary 3.2 and (3.9), and is not
extremal for other inequalities.
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Figure 3: The graph U8 on the left has λ(U8) = 0, µ(U8) = 2, and its complement graph U
c
8
on the
right has λ(U c
8
) = µ(U c
8
) = 0.
Example 4.5. Let G = Ka,b be the complete bipartite graph of bipartition orders a and b, re-
spectively, where a < b and n = a + b. Then λ(Ka,b) = 0, µ(Ka,b) = a, (di, mi) = (a, b) or
(b, a), so the lower bound of ℓn−1(Ka,b) in the second inequality of Corollary 3.2 is β1(Ka,b) =
min{a, (2b + a −√a(4b− 3a))/2} = a. Also ℓn−1(Ka,b) = a since ℓn−1(Ka,b) ≤ κ(Ka,b) ≤ δ = a.
Hence Ka,b is extremal for (3.1) with ℓ = ℓn−1(Ka,b) and the second inequality in Corollary 3.2. Note
that α1(Ka,b) = (2b + a +
√
a(4b− 3a))/2, α2(Ka,b) = (2b + a +
√
4b2 − 3a2)/2, β2(Ka,b) = 2a − b
and ℓ1(Ka,b) = a + b. Hence Ka,b is not extremal for other inequalities.
Next we provide a graph which is extremal only for (3.1) about ℓ = ℓ1(G).
Example 4.6. LetG = Ft (t > 1) be a fan of order n = 2t+1 as depicted in Figure 4. Then λ(Ft) = 1,
µ(Ft) = 1, (di, mi) = (2, t + 1) or (2t, 2), and X = (1
⊤
2t,−2t)⊤ is an eigenvector corresponding to
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the eigenvalue ℓ1(Ft) = 2t + 1, where 1 is all one vector. One can check that Ft is extremal for
(3.1) about ℓ = ℓ1(Ft). On the other hand, α1(Ft) = (2t +
√
2t− 1), α2(Ft) = 2t +
√
4t2 − 2t− 1,
β1(Ft) = min{2t −
√
2t− 1, 1} = 1 ≤ ℓ2t(Ft) ≤ κ(Ft) = 1, β2(Ft) = 2 −
√
4t2 − 2t− 1, so Ft is also
extremal for (3.1) with ℓ = ℓ2t(Ft), the second inequality in Corollary 3.2, but is not extremal for
any other inequalities.
2 1
2t
2t− 1
...
8
7
6
5
4
3
2t+ 1
Figure 4: The fan graph Ft of order 2t+ 1 with λ(Ft) = 1, µ(Ft) = 1.
The following table summarizes the extremal graphs mentioned in this section which are not
strongly regular.
Graph ℓ1(G) α1(G) α2(G) ℓn−1(G) β1(G) β2(G)
X8 (7 +
√
17)/2 (7 +
√
17)/2 (7 +
√
17)/2 (7−√17)/2 (7−√17)/2 (7−√17)/2
Xc
8
(9 +
√
17)/2 (9 +
√
17)/2 (9 +
√
17)/2 (9−√17)/2 (9−√17)/2 (9−√17)/2
Y8 8 8 8 4 4 4
Z8 8 8 8 (11−
√
5)/2 4 4
U8 6 8 8 2 2 2
U c
8
6 6 6 2 0 0
Ka,b a+ b x x a a 2a− b
Ft 2t + 1 y z 1 1 w
a < b, t > 1, x =
2b+ a +
√
a(4b− 3a)
2
, y = 2t+
√
2t− 1, z = 2t+
√
4t2 − 2t− 1, w = 2−
√
4t2 − 2t− 1.
Table 1: Extremal graphs that are not strongly regular.
5 The (n− 3)-regular graphs of order n
From now on let G denote an (n − 3)-regular graph G of order n. Note that G is obtained from
the complete graph Kn by deleting some edges whose union forms vertex disjoint cycles of order
n. Denote G in notation G = Kn − (Cn1 ∪ Cn2 ∪ · · · ∪ Cnt), where n1 ≥ n2 ≥ . . . ≥ nt ≥ 3 is a
nonincreasing integer sequence satisfying n = n1 + n2 + · · · + nt. For example, Y8 = K8 − 2C4 in
Example 4.2 and Z8 = K8−(C3∪C5) in Example 4.3. Note that G is connected iff n ≥ 5. If n = 5 then
G = K5−C5 = C5 is a cycle of order 5 and is a strongly regular graph with ℓ1(G), ℓ4(G) = (5±
√
5)/2.
Hence we assume n ≥ 6.
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Proposition 5.1. The (n− 3)-regular graph G = Kn− (Cn1 ∪Cn2 ∪ · · ·∪Cnt) has λ(G) = n− 6 and
µ(G) =
{
n− 3, if ni = 3 for all i;
n− 4, otherwise.
Moreover G is strongly regular iff ni = 3 for all 1 ≤ i ≤ t, and in this case ℓ1(G) = n and
ℓn−1(G) = n− 3.
Proof. As G is (n− 3)-regular, |G1(i) ∩G1(j)| ≥ n− 6 for i, j ∈ V. To prove λ(G) = n− 6, we need
to choose ij ∈ E such that in the deleting cycles that i, j belong, two neighbors of i do not overlap
the two neighbors of j. This can be done if n1 ≥ 6 of course, and also can be done if n1 < 6 since
then as n ≥ 6, there are two deleting cycles and we can choose i, j in different cycles.
If i′j′ 6∈ E then they are in the same deleting cycle and are adjacent in the cycle. Hence
|G1(i′) ∩ G1(j′)| ≥ n − 4, where the excluding four vertices are i′, j′, the other neighbor a of i′,
the other neighbor b of j′, and a = b iff i′, j′ are inside C3. This proves the line of µ(G).
The only possible for a union of cycles to be strongly regular is when the cycles are all triangles.
Hence G is strongly iff ni = 3 for all i. The ℓ1(G) = n and ℓn−1(G) = n − 3 are determined from
(1.1) by using λ = n− 6 and µ = n− 3. Therefore, we complete the proof.
The Laplacian eigenvalues of a cycle is well-known [4, Section 1.4.3], indeed
ℓ1(Cs) =
{
4, s is even;
2 + 2 cos(π/s), s is odd,
(5.1)
and
ℓs−1(Cs) = 2− cos(2π/s). (5.2)
Proposition 5.2. The (n − 3)-regular graph G = Kn − (Cn1 ∪ Cn2 ∪ · · · ∪ Cnt) with some mi > 3
has α1(G) = α2(G) = n, β1(G) = β2(G) = n− 4,
ℓ1(G) =
{
n− cos(2π/n), t = 1;
n, t ≥ 2
and
ℓn−1(G) =
{
n− 2− 2 cos(π/n1), ni is odd for all i;
n− 4, otherwise.
Proof. Applying λ(G) = n − 6 and µ(G) = n − 4 to the definitions, one finds α1(G) = α2(G) = n
and β1(G) = β2(G) = n− 4 immediately. From (5.2),
ℓ1(G) = n− ℓn−1(Cn1 ∪ Cn2 ∪ · · · ∪ Cnt) =
{
n− cos(2π/n), t = 1;
n, t ≥ 2.
From (5.1),
ℓn−1(G) = n− ℓ1(Cn1 ∪ Cn2 ∪ · · · ∪ Cnt) =
{
n− 2− 2 cos(π/n1), if ni is odd for all i;
n− 4, otherwise.
From Proposition 5.2, we find that if t ≥ 2 and ni is even for some i then the regular (n − 3)-
regular graph G = Kn − (Cn1 ∪ Cn2 ∪ · · · ∪ Cnt) is extremal for (3.1) with ℓ = ℓ1(G), ℓn−1(G), the
three inequalities in Corollary 3.2, (3.9), (3.10) and (3.11).
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